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BRANES AND QUANTUM NAMBU BRACKETS

Consider an open topological membrane 3-form action,

Originates in an exact 4-form (analogous to the Hamiltonian
symplectic 2-form), dz*» dz?” dz3/ dz*+ dL1” dL,” dL3” dt, evaluated
on the boundary of a 4-manifold, like a 3-dim WZW interaction term.
In coordinates,

z ij ki

S= dtd d Tz‘@zj@zk@Z'+L1(@Lz@|—3 [ ]

The variational egnsof motion resulting from z' are

dZ' — lijk — @Zl;Ll;LZ;L3) .
dr ~ @ .1@L@L 3= @z%; 22, 23, 2%)

a Jacobiandeterminant (volume element).

, Instead of Hamilton's eqns, the classicalegns of motion are

z' =171y Lag I;

the celebrated Nambu Bracket (1973).

It generalizes and supplants the Poisson Bracket, and is likewise
linear and antisymmetric in its arguments. (Here, 3 “Hamiltonians”,
instead of one.)
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In general, the classicalmotion of Maximally Superintegrable Systems
in phase space,z' = (X; px;Y; py; ::3), cannot avoid being described by
NBs.

For N degrees of freedom, ; 2N -dimensional phase space, if
there are extra invariants beyond the N required for integrability , the
systemis called superintegrable.

At most, there are 2N 1 algebraically independent integrals of
motion: Maximal Superintegrability .

Motion is con ned in phase spaceon the constant surfaces speci ed
by these integrals ; the phase-spacevelocity v = (q;p) is always
perpendicular to the 2N-dim phase space gradients 1 = (@; @)
of all theseintegrals of the motion:

=) The phase-spacevelocity must be proportional to the cross-
product of all those gradients.
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,  For any phase-spacefunction k(q; p), the motion is fully speci ed
by the (NB) phase-spacelacobian,

dk

= rk

a - Y
/ @1k '112:-12N @ZLl:::@NLZN 1
@k Lq; i Llon v

@y; P1; ;s P2; 55 O PN
fkiLa i bon 10

The proportionality constantis shown to be time-invariant.

; The ow isdivergenceless, r v = 0 (Liouville's thm).

eg, %2: H = Z(LiLx+ LpLy+ L,L,); L, = Xpy  Ypx ,
Ly = 1 x2 y?pe;Lbx= 1 x? y2p,;fLyLyg= L, etc,

dk — GkilxiLyilz)
dt @x:px;yiby)

P P
eg, %N: H=1 N, PPa+i N Ladan,
Pa= 1 @?pa, for a=1 ;N,and Lgp= P oPpa,

dk DN D @k; Py L1 PoLog Py, Py 1L iNsPN)

dt P,P;s Py 1 @(X1; P1; X2; P25 XN PN)

eg, oscillators, chiral models, Coulomb (Hydr ogen atom), etc
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In general, NBs possessall antisymmetries of Jacobiandeterminants;
and obey the Leibniz rule,

fk(A;B);Ly; Ly g= %fA; Li;Lo; g+ %fB;Ll;LZ; g
;  Eg, hamiltonians are time-invariant,
dH L L
at = 7; Ly;Ly;L, =0

Maximal even-rank classical NBs resolve into products of Poisson
Brackets. Eg,

fA;B;C;Dg=fA;BgfC;Dg fA;CgfB;Dg fA;DgfC;Bg;

in comportance with full antisymmetry under permutations of
A;B;C;and D.
=) the specic S? membrgpe action yields the same eqgns of motion

asaparticle action, S= dt xpx+ ypy % !

This . all even-NBs are Pfaf ans of the
(antisymmetric) matrix with elementsfA;; A;Q:

FAGA; S AGAG L THEREALAgfAGA G

The impossibility to antisymmetrize more than 2N indices in

2N -dimensional phasespace,
ab:idi jy2iijon] = 0:

leads to the (generalized) “Fundamental” ldentity (FI),
fVEALG S AR ARG Aner s 15 Aom 19+ AR VIAL S AR 15 An1 O Amezs 5 Aom 10
+ii+ fAm G Aom o) VIAL UG AR 1A 109= FALG IS A 1 VAL Aner; 55 Aom 100

(2m 1)-elements, (+1)V, (m+ 1)-terms.
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Not the generalization of the Jacobi Identity asanencod-
ing of associativity—only a consequenceof the derivation property of
NBs, instead, A=fA;B; g. If Leibniz's rule holds,

(AA)=A A+A A=AfA;B; g+AfA;B; (;

fC;D; g=f C;D; g+fC;, D; g+ :
=) =
ff C;D;, ¢9,B; g=ffC;B;, gD, g+fCfD;B; g g+

(But this need not hold upon quantization.)

The proportionality constant V
dA
— = VfA;L;; ;L ;
dt 1 2N 19
must be a time-invariant if it hasno explicit time dependence,since
d VIiA1;;, ;A
dt 1, AND

= MfA1; ;Axng+ VFAs;,  Axngt+  +VIA  AxnG:
=)
VIVFAL,  JANnG Ly Loy 10= MfA1; ;AN

+VIVTA; Ly, Lo 19 Aot +VEAL VIAx L Lon 109
o) dv _
- o=
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QUANTIZATION

Deform classical structuresto operator ones. Undeserved bad repu-
tation, on account of top-down shortcomings. There are consistency
complications, but not debilitating ones.

A useful check: NB quantization must coincide with standard
hamiltonian quantization for speci c models. [Zachos & Curtright,
New JPhys 4 (2002)83.1-83.16]

Nambu's (1973)proposal QNBs:
[A;B] AB BA;

[A;B;C] ABC ACB+BCA BAC+ CAB CBA;
[A;B;C;D] A[B;C;D] BI[C;D;A]+ C[D;A;B] DIA;B;C]=
= [A;B][C; D]+ [A; C][D;B] + [A; D][B; C]
+[C;D][A;B] + [D;B][A; C] + [B; C][A; D ;

etc.

Even QNBs resolve into strings of commutators,

‘Quantum Pfafans”, | [ VKA AT [AGG Al

Good classical limit: [A; AR Y nl(i~)"TA G Angas~ 1 0.
By contrast, odd QNBs have a bad classicallimit.

Full antisymmetry , but no Leibniz property or Fl, in general
Only a subjective shortcoming, dependent on the speci ¢ application
context! Quantization IS consistent
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QNBs do satisfy the celebrated fully antisymmetric Generalized
Jacobi Identity (Hanlon & Wachs; Azcarraga, lzquierdo, Perelo-
mov & Pérez Bueno), which encodes . Eg,for 4-QNBs,

[[A;B;C;DJ];E;F;G]+ permutations = 0

atotal of -2, = 35 terms, instead of the FI's 5.
KM IAG A Ak AL Am Ans Al = 0

Eg, objectively, for S?,

dk = 1k;H]= 53 [k Ly Ly;La] |;

a derivation (an exceptional situation). ;  Here , in phase space,
even Leibniz and FI hold, . Good ~! Olimit.

NB. For A / 1, thus dA=dt = 0, [1,B;C;D] = 0 holds
identically, in contrast to the 3-argument OQNB, [1,B;C] =
[B;C] 6 O Thus, no debilitating constraint among
the arguments B;C;D is imposed; the inconsistency identi-
ed originally is a feature of odd-argument QNBs (which falil
as deformations of CNBs: they lack a good classical limit);
but does not restrict the even-argument QNBs of phase space.
Instead, odd CNBs are reachablefrom larger, even QNBs like the ones
discussed: Eg, [A;B;C;p,]! 2-*fA;B;Cg.

Mor e generic situation, eg for SN, N > 2:
the QNBs provide the correct quantization rule, but need
not satisfy the naive Leibniz property (and FI) for consis-

tency, as they are not necessarily plain derivations; instead,
time derivatives are entwined inside strings of invariants.
Eg, for S3, _

h |

K;P1;L12; Po;Log Ps = 3~% Pyk;H]+ [K;HIP2 + Q(O(=):
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) h i
. o d
K;P1;L12,P2;Lo3 P3s = 3|~3& Pk + kP, + Q(O(~):
Theright hand sideis not an unadorned derivation onk
; does not impose a Leibniz rule on the left hand side.
(Other consistency constraints are more suitable and are, of course,

satis ed.)
Q(O(~)) is a nested commutator “quantum rotation”.

A lark:  Ignoring Q, could one eschewsolving the Jordan-Kur osh
spectral problem,

h i
dk dk
K; P3; L1g; P2; Loz P i~ Po+ =Py ?
) 1, 12, 2 23 3 3' Zdt dt 2
formally, ;
L,k ® n ! )
3~ gt ( P2)" K;Py;L1o Py Log Ps (P2) ™ 7
n=0

and so envision adifferent bracket which is a derivation?

Kepler problem (Hydr ogen atom): S°, through Pauli- Runge-Lenz
vector, classicall, A=p L #: A L=0; H=A21 Dening

2L2 -
D p%,, R=L+D, L=L D; ; SO(3) SO(3) SO(4),
- 1 - 1
H_2R2_P’
dk _

e H%k;In(R3+ L3);R1; R L1 Log:
Quantized asabove, [R;Rj]= 2~ TkRy, ...
3~ (R3+ L)%+ R+ L3) =H [k Rs+ L3,R1,R2,L1, 2] H +

— 1 1 — 1.
with H = 2(R2+~2) 7! 2~2(4s(s+1)+1) T 2-2(2s+1)2 7 s=0, 2’1
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WHAT HAVE WE LEARNED ?

General methodology, successfulin alarge number of systems:
As suggested by the classical NB, the commutator resolution of a
suitably chosen QNB parallels the classical combinatorics to yield a
commutator with the hamiltonian (; time derivative), entwined
with invariants.

In quantization, associativity trumps naive derivation features.

Quantum Nambu Brackets are consistent and describe the
guantum behavior of superintegrable systems equivalently to stan-
dard hamiltonian quantization. Reputed inconsistencies have been
addressingunsuitable (and untenable) conditions.

Guide for more general systems—evennon-Hamiltonian ones.
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