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1. INTRODUCTION

« SMALL-x QCD AT HERA AND BEYOND ...

THEORETICAL INTEREST: THE TWO0-LARGE -S(ALES PROBLEM IN pQD
AN« Q «is x:= Q/fs

IN TERMS OF F5(xs,Q%), Xe«1 :

DENSE  PARTOWIC SYSTEMS IN THE WEAK (DUPUNG APPROXIMATION

(a.k.a. SEMINARD REGIME)

FEATURES: k) -FACTORIZATION,  CONNECTION WITH REGGE LIMIT OF S-MATRIX

LLAL) F0R SEMINARD PROCESES MEANS SUMMATION OF LARGE o % As:
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« BFKL LERNEL IS INFRARED REGULAR AND ITS A(CTION IS

CONFORMALLY INVARIANT

oaGoNALIZATIN : 9 (B3 -(E)Y  [dL LILEL) 9lk)- °Ls;r'l’c 1) $1E)

SPECTROM = X([f) =2 011) - ¥(Y) - ¥(1-)

BELL "POMERON INTERZEPT®: Op=1+X . = 4ashe Jo2 = 05
Vil
( DONNACHIE

(OMPARE WITH "SDFT POMERDN WTER(EPT  — »=0.08 LANDSHDFF

- PROBLEMS WITH LLAIX) : 1) ONITARIT/ 2) IR DIFF)SION

T2 70 =2 2 '
IN LAK) AssMg: k 2=k, 2. sb=0° AND FIXED ds=as(RY
IARGE M5 UNCERTAINTIES (OME FEOM DIFUSIOY OF k') TowAEDs IR
TREATMENT OF IR REGION BEQUIEES PUANING ds ((ONSISTENTLY IN MDA (Y )

ESTIMATION DF (ONSTRAINTS FOR 1) AND 2) FROM ASYMPTOTIC SDLUTION  MWELLER '9

UNITARITY (NSTRAINT: Y& 2 I 1 bep-ph /961225
qllf’, dgl&.)

DIFFVSION  CONSTRAINT: Y ¢ T ! 1
- ; Je=L (Up -2 N,
2 / ¢ f
14N TB) B2 2 (12) 4 ar'3’ " 3 )
WHERE ko~1/R. = R.:(SMALL) SIZE pF SCATTERING BOUND STATE
FOR os(ke)<<1 UNITARITY (DNSTRAINT REACHED BEFORE DIFFUSION CONSTRAINT

BUT ... IN MOST PRACTILAL CIRCUMSTANLES DIFFUSION (ONSTRAINTS Will BE
REACHED BEFORE UNITAR|TY (ONSTRA/NTS. "
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2, THE DIPOLE APPROACH T0 SMALL-x PHYSICS
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IN DIPOLE APPRDACH WE (ONSTRUCT THE EVOLUTION FOR. y¥p  WHERE

m) = W( Eff n soft glums

lLe. TRE N-SOFT GLUON (OMPONENT DF THE (ONIDM) WAVE EUNLTION .
THE LOWEST ORDER  O(95) WAVEFUN(TION & THAT OF A (DLOR DIFDLE

I-z -k
4”0,(2,14) _ )
C zk

THE 0| (4s) WAVEFUN(TION DESCRIBES THE EMISSION OF ONE SOFT GLUW
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EXPLICITLY , IN LIGHT-(ONE GAUGE

pzz,L,L) =-24 7° [y 121) - 9"z, 141 ) L

L?

FOURIER XfoRM IN IMPACT PABAM. SPACE

P (2,2, 7, r,),—ij tp"(zr)( F, ).E
ez

THEREFORE , THE PROBABILIT/ FOR. DNE GLUIN (ONE DIPDLE  Nc—c) EMISSION

Nl

z
e[ éifin 10 [ g o
2r | 22, . P 7

ANATOMY DFf THE KERNEL :

I T TR A [
neP-T) AN = N A (4

NOTE: THE DIPOLE KEPNEL IS MANIFESTLY IR REGULAR. AND SCALE INVARIANT

IN THE LARGE Ne LIMIT | MULTIPLE DIPDLE EMISSIDN FACTORIZES SIMILARLY
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* SPECTRAL ANALYSIS :
EUDLUT!ON EQUATION : L
A(Y,rpib) - jAr' (46" kil G, clp; b-b)
)\/ °

BOUNDARY CONDITION : 7;(*I=0,r,y;b)=r$(r-f)3lb)

INTRODUCE.  LAPLACE ,{Mﬁuw) X FORM

‘“’) _ rJY - fJTf: (%)—X 0 [Yrpib)

AND OBTAIN EQUATION FOR SPECTRAL AMPLITUDES Wuw,y[b)

I

Wiy b) < 23b) , gab Aly-bpe, ) ( )" A, -bo (b5

INTEGRAL EQUATION OF VOLTERRA TYPE. N0 EIGENFUNCTIONS fO&
BOUNDED VERNEL. SOLUTION BY |TERATION.

Ww.xm -2 7) (“

L=o

WITH nf,,’,xcfﬂb) n‘;’,‘thw(Nc)(O“) Alpped)

4

AND AFTER k- I1TERATIONS ...

r'z



ﬁ“ﬁz(u _ i).(ﬂ.c.) (ﬂfrf)” ' fdkk., A(y-bes bes buct)
k2 g‘ b Xlf- b th) B i)

(g Al Gt L) X4 b L),

k-1 MESTED INTEGRATIONS. SINCE Xl( b) IS KNOWN WE (AN STUDY THE
SNGULARITY  STRUCTURE OF o (b) ... — CONSIDER  OC <1

+ NET RESULT: SPECTRAL AMPLITUDE IS ANALYTIC IN b IN THE REGION

9¢b <Ylpe WITH LEADNG IR SINGWARITY A BRANCH (UT AT b=yl

RECALL , IN THE ASYMPTOTIC LIMIT Y—=oo  FRomM SADDLE POINT APPROX

[=L4iv . SUH Relfl.1 IMPLIES PRESENCE oF 0| A) POWER. (DRRELTION
2 2 Q

THESE HAVE ALSO BEEN DETECTED STARTING FROM (ONVENTIONAL

BfkL + RUNNING (OUPLING  ds (k) osl(Z-E)) BY LEVIN 95
%(L%) NPB 453(1995)303

~ (k)
- FROM ITERATWE SOLUTION 0BTAIN THE b-EXPANSION FOR n‘,‘,,x (b) -
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LT [ )n(ai xq) +p 1"l ap* ]
b
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k-2)] (L 1)

k-
SUMMATION OF LEADING POWERS oF b (12 RETAIN ONLY J(b°') IN ABove )

IS REQVIRED - IN THE REQIDN

17«1 ) NCX{J] b,,,j_.
mw |
S eesomation oF O(Ne XWb/mw) Teems s wew DEFINED IF
Ob%) « D(b"). PR THE In@Q% TERM THIS TRANSIATES 70

bps anl"(u sb( A )«1
os (@?) ds(1/p2)
WE RECOVER THE (ONFORMAL LIMIT BY LEADING -b  RESUMMATION

Ny = 2 2 [1, Meas Xlg) , (peosXig)?, . 2
x k=o W [ + — "'( ™ ) ) w‘Nto(S X(J)//T

INVERSE  LAPLACE. AND SADDLE POINT:

V‘I(Yrr) L e—-(d,p'ﬂ\/ exP(_lnzlf/P))
2P JoDY 4DY

D= J.. ..—]IS) uSNt
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BUT ...
NOT ALL PRYSICG 1S IN THE UNNEESAL DIPOLE DENSITY |
IT IS ALSO IN THE IMPACT FA(ToRS

(ONSIDER | FOR. EXAMPLE  SMALL-X D.LS. ,
THE DIPOLE DENSITY MUST BE FOLOED wWiTH THE (WAVE FONCTION) = &'

R y* 97
CPf'(z,r) N e*Z {[z -2k, bl M, 2 Ko ()’
@r)?

O iz r) o N L E (2P Pk, (W)
(2r)?

THE SCALE 15 SET BY X =zh-2)@°+m;

THE STRUCTURE. ANCTION AND [TS BOEEL IMAGE ARE RELATED AS USUAL
Fro0,0%) - [ db Flx@%b) &b/l

THE BOREL IMAGE IS GIVEN BY

FronQ2b) =0 f szrz Prolzrib) Oulr,my)
Aﬂdgm x ° L DIPDLE NUCLEONY
INTERA(T 191y

TRE DIPOLE MS(ADE EVOLVES As:

z,)?z L(Eb) - z) 47 , (2r)3b) 4 fdr]JL Kirr; ()P, Erth-b)

IR RENORMALONS ARISE FROM r>r — RECALL ASYMPTOTIC EXPANSION

Koy — F *[1+01%)]



~16

r’

' to) ' -
W THE ZANGE OF INTEREST r=o, Prilzr') ~e ‘

IT HAS A SHAPE , UNLILE THE BASIS FUNCTIONS (r?)

THIS WILL CHANGE THE IR RENDRMALON STRUCTURE OF THE DIPOLE (ASLADE
EMANATING FROM  {*

&Bo
ouT

-x11+x2

THE LEADING IZ RENORMALON 15 AT bpe=1
MENCE 1. POWER CORRECTIONS kCDNS\STENT WNITH “WILSON opt:—)
Q? EXPECTATION

TS HAS BEEN [BSERVED NUMERI(ALLY FROM THE |TERATIVE (ONSTRUCTION
OF THE SOLUTION.



5. CONCLUSIONS AND OQUTLDDK

* WE HAVE IMPLEMEMIED THE RWNING COUPLING IN THE SMAL-X PESUMMATION
OF THE PERTURRATIVE SFRIES , T0 STUDY EFFECTS FROM IR DIFFUSION

- 0UR APPROACH 1S BASED ON TWD (S0 FAR DISJOINT) INPYTS:
1) THE DIPOLE FORMALISM FOR SMALL - X
2) RENORMALON ANALYSIS OF THE PERTURBATNVE SERIES

« WE HAVE (ONSTRUCTED AN EVOLUTION EQR. FOR THE QIPOLE DEMSITY IN BOREL
SPACE  WHICH ADMITS  SYSTEMATIC EXPANSION ARQAD THE (ONFORMAL LIMIT
b=0.

" FOR SMALL-x DIS STRULTURE FUNCTIONS WE SEE /0% PowER. CDRRECTIDNS
IN PROARESS...

* (ONSTRUCT NUMERICALLY THE SOLUTION FoR g* DIPOLE (ASCADE

- EXAMINE HOW THESE 1R EFFELTS AFFECT THE BFEL POMERON INTERCEPT
(TOWARDS RE(ONCILING "HARD" - “SODFT* POMEEDN )

- (OMPARE WITH FULL ANSWER I.&. NUA[xj  FADIN  LIPATOV ’96
* INTERPRET (QUR RESULTS IN TERMS OF A GENERALIZED HIGH ENEEGT OPE
BALTsy 96

N
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IT 1S USEFUL T0 INTRODUCE THE UNIVERSAL (PROJELTILE AND TARGET INDEP.)
» MUELLER
DIPOLE DENSITY  NnI(Y,rp) , SUCLH THAT MVELLE 9.
luz NPBAZS (1994)47
Pz, r?) = d’M[Z,fZ) jd_ﬂ n(\/, r,,:
Znp

-
THE DIPOLE DENSITY OBEJS THE EVOLUTION EGUATION

ny, r,r) = rS(f—r) +ﬂ{y /dr’ Klirr') nl_y,rff}

f — DFFSPRINE
ﬂc r Fl
WITH LERNEL | 2
j — . - =y —_—ty -2
Kirr') - _ dsNe Sr-r’) fa‘s‘_gz____ + ois Ne fdlr.'rl J(r,r)_'_,[___,
Z;\'Z 3>z !'r'-§)2 7\'2 r zl 'r}-
- VIRTUAL CORRECTION REAL EMISSION
—
EQUVALENT FORM [ AMENABLE T0 MONTE (ARLD- SIMULATION | OEDIPUS (SALAM '96)
C.SCHMIDT *
nMrp) = szl NelnT_ 7)
T fmin
221 = !
_Jljdj cv«p( 20sNe Iw-"-(‘/—y)) [" r - nlyrpl
w n Tin F'sz—)")

1THE SPECTRUM OF THE DIPDLE KERNEL IS THE SAME As THE BFfkL FKERNEL

LSdr’)dr,r’) (r?)f - X(x)(rz)‘ —> SAME LlAlx) PRENOMENDLOGY

THE EQUIVALEN(E BETWEEN DIPOLE AND BFK) KERNELS 1S SHOWN BY

ANALTZING DIAGRAMS IN TO.PT. CHEN-MUVELLER '95
. : NPBAS1(1995)579



ANDERSON
3. THE DIPOLE KERNEL WITH BUNNING (DUPLING %10?5 %

PLB 330(19%6) 127
PROBLEM: INCLUDE SYSTENATICALLY THE RUNNING C(OUPLING IN L1AIX)

AND STUDY THE ENSUING TR SINGULARITY STRUCTURE

APPRDACH :

* START WITH DIPDLE FORMULATION OF LLA [x) IN IMPACT PARAMETER SPALE
BECAUSE ITS CLEAR PROBABILISTIC INTERPRETATION
* PRESCRIPTION FOR RUNNING THE (DUPLING :

IN MOM. SPACE: Hs — ds (P) DOKSHITZER®S f_*rtfwar
MDTIVATION FROM  SOFT GLUON RESUMMATION IN TIMELILE (ASCADES

)74
IT WORES FOR AQLUDN BELGEIZATION KORCHEMSEY , STERMAN MAS.

( CASCADE BRANCHING )

USE. THE BOQEL XFORM IN THE INTERMEDIATE STEPS As A GUIPE TO SELECT
THE APPROPRIATE FUNLTIDN OF DIPDLE SIZES THAT SETS THE Ks SCALF.

- OREL
WE N MO SPAE g (1) BORET  poeel MAGE
¥q7
{¥—-11 1 FOVRIER. AND SRUARE @
-1
PROBABILITY WITH BOREL  popr) IMAGE 0F PRDBABILITY
RUNNING COUPLING

IN IMP. PARAMETER SPACE

|

DIPDLE EV. KERNEL IN BOREL SPACE

Plz,r? a,) < fdb Plzrz;b) o bl (@)

°



PROBABILITY AR DIPOLE SPLITTING WITH RUNNING ds:

?zrd) - G Iz J‘J‘IJII Iit) Talt) j' dw .
U ° * Wz (1-p)"
2F ds[ M) 72, [as[ X)) _as[Al ) ) F
SA f 72T { ? ’Ez) Tt [ s(r,l) ds 2&)] ik

P2 )-8 Qm"‘tz.rv

lF-‘r")l ’_z

wieee:  R? =(R%)" (7-r, )2
)l - (-Cz)w (Ilz)“'w)

* CHECK THAT FOR ois:FIXED 1T REPRDDUCES THE ZNoWN EXPRESSION

- THE BOREL IMAGE OF ® | AFTER PERFORMING ALL INTEGRATIONS s :

Pz, rb) - _ 20 Wz Tl=bBY) (a‘ﬁ)"' P (z,rt) )
n
rlibh) | 4 For. DJ.
IDENTIEY “USUAL™ IR RENORMALON POLES AT bBi=1,2,3,..  LORCHEMSKY-
STERMAN  *9F

NPDAST(1995) 415
THE SINGULARITY AT b.=0 IS OF UV 0RIGIN , REGULATED BY CUTOR Imin

)
(ONSISTENCY nEck: @'"(2,,Y) (AN ALSO BE EXPRESSED As:

Pz -4t hz @y | (;_g_:_ wil?) (2B ih )

WHICH YIELDS THE SAME @Vlz,r3b) ASIN (%)



END RESULT - URALTeEd 1%

FVOLUTION EQUATIDN FOR. THE DIPOLE DENSITY IN BDREL SPACE
® 3 ~ Pas. N ’ ’

2 AlY,rpib) < jar'Jayk(r,r;L)n(Y,r.y;L-L)

Y 0 0

NITH  BOINDAZY (ONDITION 71 (Y=0, ,pib) = riir-p) 3lb)

THE DIPOLE VKEPNEL IN BOREL SFALE S :

v.-3(”“,"';1:).-. Ne (Qz_fz)bpo [[-bB) Slr-r') + | VIRTUAL
T4 [ l1+bBo) |
2Ne 1 (Qiz )LP° ' dw I (1-whpo) [ - (r-w)bbe)
n2 pf’ 4 o "2 (1-00)" [ [twbpe) M (14+01-w)L )
ZVPT F(1-bpe; tbhi 1 1
(G Ptk it £,
212, ;2 \wbpe Fli—ubgo: 1- b.;z;rz gEAL
() (F) Pl L)
_ [ \WbPe F’wbo;'wb.;z;g_z
(=) Fubpes i 13 2 ) }

| WHeee ¥y < [
THIS ForM OF K 1S AMENABLE T0 RENORMALON ANALYSJS .

TR RENORMALONS , FOR INSTANCE, ABE EXPECTED T0 ARISE FeOM
THE REGION > WHERE F=,F HA AVAITIC POWER EXPANSION .



4. BOREL SINGULARITIES OF THE DIPOLE (ASCADE

15 THE KERNEL  K(Ersh) SINGULAR AT b—0 ANp FoR FirED PARENT r 2
THE L—0 §INGULARITY IN THE REAL PART 1S 0F DV (RIGIN.
T OMES FROM o (1-bfo, 1-bhe; 25 1) WiTH J=18/12 —1

USE LINEAR XFORM: _142bfo
2P0, 1-bpei157) = (1-7) Fibfo bhi1;7)

IN THE LIMIT b—0 THE KEENEL BE(OMES

- bR _
k ,'L = NC £ 1 - / -
(r,r';b) %_(%L) g——l;}: oAr-r’) o _rZ_, (+-]) i

), 1+2hBo

UsING: (1- - L Sh-7) +[_'__] b

2if, -

THE b—=0 SINGULARITY CANLELS BETWEEN REAL AND VIETUAL
CONTRIBUTIONS !

- IF TRERE EXISTS REQION OF ANALYTICITY IN TAE BOREL PLANE
T WILL CONTAIN THE QRIGIN.
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CONSIDER. THE ACTIgN OF KON TEST FoNcTioy (r%)®

? b
foort Earerh) (2P - a i) (22 Pyt
m 4

NON- (DNFORMALLY INVARIANT ACTION
FROM EXPLICIT (ALCULATION THE "SPECTRAL" FUNCTION  A([,b) 15

Agb) = Cl=bb) | Clpbb) o J_dp_ C0-wbB.) rf1-11-)bB)
7r 14

Cl14b8)  [l1+y+bp.) "2 (1-w)"  OrobB) F(1+p-wbp)
/7
12
IRTOAL . [ L) r(88s) 7 Clrtabbs) [[1+5+0-wibb) ]
r=g) rl4) FO-ubf) lr-y-rubf)

DIRECT INTERFERENCE

OBSERVE - DEPENDENT IR RENORMALONS AT bfe=n-{, n=12,..
(OMING FROM THE r'>r INTEGRATION REGIDN.

SINE b=0 1S REGULAR. POINT, XI{\b) ADMITS b-EXPANSION

b)) = Lo 4 1 4 . Y™ 0(1282
§ )73 tW- Xf(g) + bpo xM1y) + Lf)

BFkL KNoWN
WHERE :
AM(y) Z _ L xly) — 200) L+ 1y’
=3 X X+ X"+ 1 X0

x



