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Example: Guiding in a Capillary — Cold Fluid Model

Parameters

a0 = 1:25, !0 = 10!p,!p � = 2, kp Zr = 320

Multiple time-scales

Plasma frequency !p (∼ n1=2).
Laser frequency !0 = 20!p – 100!p.

Laser evolution ∼ (!p=!0)
2.

Computationally intensive

Centimeters to meters(?) of propagation.
Solve Maxwell’s equations coupled to a plasma model.
In 2-D, 2� 106 grid points, 4� 106 time-steps.
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Example: Guiding in a Capillary — Cold Fluid Model

Parameters

a0 = 1:25, !0 = 10!p,!p � = 2, kp Zr = 320

By (�; x)
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Example: Guiding in a Capillary — Cold Fluid Model

Parameters

a0 = 1:25, !0 = 10!p,!p � = 2, kp Zr = 320

|By (k ; x = 0; t)|2
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Example: Guiding in a Capillary — Cold Fluid Model

Parameters

a0 = 1:25, !0 = 10!p,!p � = 2, kp Zr = 320

Channel results in (near) balancing of transverse forces.

Much of the evolution of the laser pulse is due to the
longitudinal part of the wave operator.

Behaviour is similar to the 1-D case.

We can explore much of the phenomenology by studying 1-D.
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Big Picture

Electromagnetic waves propagating in a plasma.

Modeled as a wave operator (evolution of the laser) coupled
to plasma model (material media).

Many possible plasma models: PIC, Vlasov, Cold Fluid, Warm
Fluid, . . . .

Overall picture the same for these models.

In response to the ponderomotive pressure of the laser
currents are setup in the plasma.
These currents generate fields and modify the laser, changing
the ponderomotive force.

We can consider the wave operator without fully specifying
the nature of the plasma model.

Conclusions will be (mostly) independent of the plasma
model.
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Quasi-Static Approximation

Term covers many different approximation with a common
theme.

Essential ingredients:

Moving window.
Slow evolution of the laser pulse compared to the transit time
in the window.
Potentials.

Non-essential ingredients:

Averaging
Envelopes

History

NRL fluid theory and code. (Whittam for beams.)
WAKE
LBNL Fluid codes & Vlasov codes, QUICKPIC . . .
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Example: A Test Problem

Physical parameters:

a0 = 1!0 = 20!p!p � = 2

Use the unapproximated cold fluid model as the benchmark.

Compare the various quasi-static models to this case.

Numerical parameters:

k0�� = 0:0621 (�0=�� � 100)�t = 1
4 ��
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Cold Fluid Result
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Laser Evolution

Laser Energy
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Laser Evolution
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Quasi-Static Plasma – Details

Can use any plasma model.

For the test case, the cold fluid is appropriate.

Introduce a moving window:

(z; t) −→ (� = t − z=c; t)

Conservation of transverse canonical momentum:

px + ax = 0

Drop time derivative in plasma equations.

Obtain a first integral from the longitudinal momentum
equation:

pz = � + 
 − 1
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Quasi-Static Plasma – Details. . .

Equation for �:

@2�@ �2 =
1
2

"
1 −

1 + a2
x

(1 − �)2

#

Wave equation for ax :

 @2

@ t2 + 2
@2

@t @�
!

ax =
ax� − 1

The only approximation so far has been in the plasma
response.

We have retained the complete wave operator.
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Quasi-Static Plasma, Full Wave Operator
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Why use the Quasi-Static Approximation

Since we are dropping physics there must be some benefit.

Analytical?
Computational?

If we make no other approximations, there is no
computational advantage.

Generically, the wave equation will impose the same stability
constraint (�t = K��) as for the full plasma model.

We only see a computational gain by dropping the
@2

@ t2 term

in the wave equation.

In the moving window, this term relates to the slow laser
evolution.
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Reduced Wave Operator

Introduce an envelope representation for the laser:

ax = Re (ar + i ai) ei k0 �

We can average the plasma response.

Wave equation becomes:

2
@2a@t @� r

− 2 k0
@ ai@ t

=
ar�− 1

2
@2a@t @� i

+ 2 k0
@ ar@ t

=
ai�− 1

The potential satisfies

@2�@ �2 =
1
2

"
1 −

1 + 1
2

�
a2

r + a2
i

�
(1 − �)

2

#
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Reduced Wave Operator – No Averaging

If we do not average (or otherwise assume a scale-separation
in the laser description) we can still remove the laser carrier.

As before, introduce an envelope representation for the laser:

ax = Re (ar + i ai) ei k0 �

Allow ax and � to be complex.

Modify the equation for the complex � so that Im � doesn’t
affect the laser or couple to Re �.

This procedure allows the carrier to be exactly removed from
the wave equation.
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Reduced Wave Operator – No Averaging. . .

Wave equation becomes:

2
@2a@t @� r

− 2 k0
@ ai@ t

=
ar� − 1

2
@2a@t @� i

+ 2 k0
@ ar@ t

=
ai� − 1

The (again real) potential satisfies

@2�@ �2 =
1
2

"
1 −

1 + (ar cos(k0 �) − ai sin(k0 �))2

(1 − �)2

#

See the conference proceedings for the details.
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Wave Action

Averaged equations invariant under a phase rotation of the
envelope:

ar + i ai → (ar + i ai)ei �.

Leads to exact wave-action conservation:

∫
d� Im (A�

x Ex) = const

For the unaveraged equations, wave action is only an
adiabatic invariant.
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Averaged vs. Un-Averaged

Averaged and unaveraged models are give nearly identical
results.

It seems reasonable to expect the unaveraged model to
require similar spatial resolution to the full fluid.

We might expect the averaged model to give good results on
a coarser grid due to absence of high-frequencies.
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Quasi-Static Phenomenology

Averaged model requires similar resolution to the full model.

Confirmed by a detailed examination of the numerical
dispersion relation.
Intuitively reasonable since k0 enters the envelope equations
in the same manner as the spatial derivative.
The carrier can be removed by an exact (linear)
transformation. It is not surprising that this does not alter the
resolution requirements.

Where are the computational gains?

When the
@2@ t2 term is dropped from the wave equation, the

numerical stability condition is greatly relaxed.
For the reduced wave operator �t ∼ 600 − 1000� larger than
for the full wave operator at �0=�� = 100.
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Photon Kinetics

Reduced wave operator.

Envelope representation.

Averaged.

Abundance of formalism.

“Kinetic” approach but no inherent “kinetic” effects not already
present in wave equation

Computational rather expensive (many “photons” per cell)

No additional information; A(x ; t) already arbitrarily
broad-band.

All the challenges of PIC.

Solve for |Ax(!; t)|2 not A(x ; t), i.e., no phase information

When to use?
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Conclusions

Large family of model based on the quasi-static plasma
approximation.

Only essential ingredients are potentials and a moving window.
Averaging is not required.
Wave-action conservation is only exact if the plasma response
is averaged, not intrinsic to QSA.

Quasi-static model can be computationally attractive.

Only when the wave operator is approximated is there a
computational advantage.

This approximation of the wave operate leads to phase errors
after long propagation distances (∼ dephasing length).

The averaged models require comparable spatial resolution to
the full wave model.

Computational gains due largely to greatly reduced stability
constraint, i.e., large time-steps.
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